We consider the derivatives of Horn hypergeometric functions of any number variables with respect to their parameters. The derivative of the function in n variables is expressed as a Horn hypergeometric series of n + 1 infinite summations depending on the same variables and with the same region of convergence as for original Horn function. The derivatives of Appell functions, generalized hypergeometric functions, confluent and non-confluent Lauricella series and generalized Lauricella series are explicitly presented. Applications to the calculation of Feynman diagrams are discussed, especially the series expansion in ǫ within dimensional regularization. Connections with other classes of special functions are discussed as well.
Introduction
In the recent years a lot of attention [1] - [10] has been devoted to hypergeometric series containing the digamma or psi function ψ(z),
On the other hand, series with gamma functions are known since long time, see for example the definitions in the book of Hansen [11] . Recently, however, some new summations for hypergeometric-type series which contain digamma functions have been established. In a series of papers [1] , [2] and by Cvijovic [3] summation formulae have been derived for hypergeometric-type series which contain a digamma function as a factor by using certain transformation and reduction formulae in the theory of Kampé de Fériet double hypergeometric functions.
Renewed interest in series of hypergeometric-type containing the digamma function has emerged in connection with derivatives of hypergeometric functions in their parameters. The first derivatives for some special values of the parameters were already known long time ago [12] - [14] . Later on, Ancarani et al. have found in a series of papers [4] , [5] and [8] the derivatives of Gaussian hypergeometric functions, and some derivatives of two-variable series, namely the Appell series and four degenerate confluent series [6] . Moreover, it has been shown, that the first derivatives of generalized hypergeometric functions is expressible in the terms of Kampé de Fériet functions and, with the same technique, derivatives of the Appell hypergeometric function was obtained in paper [7] .
In another approach based on the expression of the Pochhammer symbol
and its reciprocal value the derivative in terms of Stirling numbers was provided in the papers of Greynat et al. [9, 10] . With such an approach one has the possibility to express some special parameter cases of Appell or generalized hypergeometric functions in the terms of finite sum of well-known special function as nested harmonic sums [21] . Also, one may formulate the derivatives as series suitable for numerical estimation. In all cited papers except [9, 10] the technique of infinite series resummation [15] is used
which might not necessarily be correct if applied to series which are not absolutely convergent.
When the derivative of a hypergeometric function is written as power series in its arguments of course some discussion on the convergence of the function obtained is needed. Only in some special cases explicit formulae for derivatives are presented (Appell function, some confluent hypergeometric function of two variables), but there are no explicit results for mixed derivatives of generalized Kampé de Fériet function.
In various mathematical or physical applications one finds hypergeometric series which belong to classes of functions different from generalized Kampé de Fériet functions, for example, Horn hypergeometric series of two variables, H 3 (a, b, c, x, y) (see eq. (A.7) below for the definition), where a Pochhammer symbol (a) 2m+n with a double summation index is encountered. This function belongs to the class of generalized Lauricella series [16] (see the definition in Sec. (A.3) below), and the questions arise how the derivatives of this function look like and to which class of special functions they belong.
In high-energy physics one has to calculate higher-order Feynman diagrams for quantum corrections to electroweak and QCD processes. These are expressible in the form of Mellin-Barnes integrals [17] - [20] , which depend on the external kinematic invariants, the dimension D of space-time, and the powers of the propagators. Upon application of Cauchy's theorem, the Feynman integrals can be converted into linear combinations of Horn-type hypergeometric series,
where x i are some rational functions of the external kinematic invariants (e.g., Mandelstam variables) and A ai , B a , C bj , D b are linear functions of the space-time dimension and the propagator powers. The parameters A ai , C bj do not belong to the set of natural numbers N as in the case of generalized Lauricella function, but could take any integer value. Within the framework of dimensional regularization, i.e. taking the space-time parameter D = 4 − 2ε, one has to construct the so-called ε expansion of eq. (4) over parameter of dimensional regularization, or just the derivatives of eq. (4) with respect to the B a , D b parameters. It is very interesting to find explicit formulae for such an derivatives and the class of functions to which they belong. These questions provide the motivation for the present paper. The paper is organized as follows. We begin in Sec. 2 where derivatives are considered which affect one summation index parameter. As an example, the first order derivative of generalized hypergeometric functions and the Appell function are presented. Next, Sec. 3 is devoted to the derivative in the case of multiple summation index parameters and arbitrary derivatives of the well-known generalized hypergeometric functions and Appell series with respect to their parameters are discussed. In Sec. 4 the derivative in the case of a double summation index parameter 2n is considered, while more the involved cases of multiple summation index parameters qn, q ∈ N, are given in Sec. 5 and 6. As applications, the derivative in the parameters of generalized Lauricella hypergeometric functions are derived and the derivative of Horn-type hypergeometric functions in two variables H 3 (a, b, c, x, y) is calculated. Subsequently, Secs. 7 and 8 are devoted to the case of an summation index parameter qn, where q is negative and in Sec. 9 the region of convergence for such series is discussed. The main results are collected in Sec. 10, where we put the final equations for derivatives in parameters of hypergeometric functions. We conclude in Sec. 11 where we discuss also possible applications to the calculation of Feynman diagrams. The Appendix A summarizes the definitions of hypergeometric series used in the paper.
2 Derivative in parameter with one summation index
Upper parameter derivatives
As a first step we consider the derivative of a hypergeometric function in the parameter a in the case when the Pochhammer symbol contains only one index of summation, (a) n . As mentioned above, our calculations in this Section are similar to the [1] - [8] .
The main trick is to consider the derivative of the Pochhammer symbol (a) n . By using the definition of the digamma function in eq. (1), which is the logarithmic derivative of the gamma function Γ(z), and the difference equation
we can write the derivative of a Pochhammer symbol in the form
For convenience let us write the hypergeometric function in the form
Here, we explicitly write the parameter a to be differentiated and connect it with the summation index n of variable x. The summation over the index n is then explicitly displayed, but any number of additional summation indices and Pochhammer symbols are summarized in the coefficient B(n),
We will use this notation and the abbreviation throughout the article. With the help of eq. (6) and a shift of the summation index n → n + 1 we can write for derivative of function F (a) with respect to the upper parameter:
and by using the rearrangement formula of summation indices eq. (3) we obtain the first derivative with respect to an upper one-index parameter:
For the Gauss hypergeometric function 2 F 1 (a, b, c, x) we obtain [4] :
This hypergeometric series can be understood as a generalized Kampé de Fériet hypergeometric function (see Sec. A.2 for definitions): 
It can easily be seen that eq. (10) is suitable for computing the derivative of any Horn function in one summation index parameter. For example, one can calculate the derivative of the Appell function F 1 (a, b 1 , b 2 , c; x, y) in the parameter b 2 , as follows [6] : 
The corresponding expression for the derivative of F 1 in the parameter b 1 can then be obtained via exchange rule:
With similar manipulations one can compute the derivatives in an upper one-index parameter for the last three Lauricella functions:
By using the symmetries of hypergeometric functions, we can then find the other derivatives with respect to upper one-index parameters:
Lower parameter derivative
If the derivative is acting on a lower parameter eq. (6) changes to the derivative of a reciprocal Pochhammer symbol:
Then, using a short-hand notation for the hypergeometric function similar to eq. (7), i.e.
one can express derivatives with respect to the lower one-index parameter as:
and after rearrangement of the sums one obtains the following formula
As an example, we obtain for the Gauss hypergeometric function 2 F 1 (a, b, c, x) the result [4] ,
which is a series that can be expressed in terms of the generalized Kampé de Fériet-type function:
Again, one can use eq. (21) also for differentiating any hypergeometric function in a lower parameter with dependence on one summation index only. For the derivatives of the functions F 2 and F 4 in the lower parameters c 1 , c 2 we find:
Also these derivatives are then expressible in the terms of generalized Lauricella hypergeometric functions: 
From eqs. (10), (21) and the definition of generalized Lauricella series in Sec. A.3 one can see that only the first derivatives of generalized hypergeometric functions in a lower parameter can be written in terms of generalized Kampé de Fériet functions in the two variables. On the other hand, mixed or higher order derivatives of generalized hypergeometric functions, as well as Appell hypergeometric series can only be stated in terms of generalized Lauricella series.
3 Derivative in parameter with multiple summation indices
Upper parameter derivative
Next, we consider the derivative in the case of multiple summation indices in Pochhammer symbol (a) n 1 +n 2 +.... . Such sums arise in the calculation of mixed derivatives of pF q or the first derivative of an Appell function in two summation index parameters (a) n 1 +n 2 . In that case we factorize the Pochhammer symbol as a product of two terms with one summation index each,
or in the case of multiple summation indices,
Upon expressing the hypergeometric function in the form
and applying eq. (27) to factorize the Pochhammer symbol together with the results for the derivatives in one-index parameters from Sec. 2.1 one obtains:
As an example, the derivative of the Appell hypergeometric function F 1 in the parameter a with two summation indices m + n reads [6] ,
or, alternatively, in terms of the generalized Lauricella series, In the case of hypergeometric function with the multiple summation indices
using eq. (28) and the parametric derivative with multiple summation indices
one obtains for case with multiple summation indices
Lower parameter derivative
The same trick can be applied to the derivative acting on a lower parameter with multiple summation indices, i.e., the case
Upon factorizing the reciprocal Pochhammer symbol similar to eq. (27) as
or in the case of multiple summation indices as,
one can express the derivative in a lower double summation index parameter of a hypergeometric function in terms of hypergeometric series:
As an example for illustration we present the derivative of the Appell function F 3 in its lower parameter c with summation indices m + n, see [6] ,
or, alternatively, in terms of the generalized Lauricella series: In complete analogy to the case of the previous subsection for hypergeometric series with a lower parameter containing multiple summation indices
using eq. (38) and the derivative in a lower parameter with multiple summation indices
one obtains for derivative in a lower parameter,
With the relations presented thus far, well-known hypergeometric functions such as the generalized hypergeometric, Appell or Lauricella series can be written in terms of generalized Lauricella series with the summation coefficients θ (43) one can see that any derivative of these functions in one of their parameters can also be expressed in terms of generalized Lauricella series with the values of the summation coefficients being 1 or 0. As a more general statement we note that if the initial function can be expressed as a generalized Lauricella series with summation coefficients from the alphabet {0, 1}, then any n-th derivative of this initial function can be expressed within the class of the same functions. The number of variables of n-th derivative of an initial function with m variable is n + m.
4 Derivative in parameter with summation index 2n
Upper parameter derivative
In some hypergeometric series one encounters the occurrence of summation indices with a factor two, i.e., (a) 2n , such that
The simplest realizations are the case of Horn hypergeometric functions in two variables (see Sec. A.4 for some examples). In this case one can use eq. (6) for the derivative of the Pochhammer symbol
together with a rearrangement of the summation formula in eq. (3) which splits in two terms due to the upper summation limit at 2n + 1,
For the hypergeometric function with derivative in a parameter a with a summation index 2n,
one obtains
With the same procedure as in Sec. 4.1 for the derivative in a lower parameter of the type (b) 2n one obtains
5 Derivative in parameter with summation index qn, q ∈ N
Here we consider the case when the summation index has a positive integer coefficient qn with q ∈ N,
The particular case of q = 2 has been dealt with previously in Sec. 4. The derivative of the Pochhammer symbol in this case reads
and with the help of an extension of the resummation formula in eq. (46) to the case of positive integer factors q,
one obtains the derivative in an upper parameter with a summation index of type qn as
For the same summation index qn but appearing in a lower parameter we obtain for derivative in this parameter
6 Derivative in parameter with multiple summation indices q λ n λ , q λ ∈ N
By exploiting the previous results, in particular eqs. (35) and (53) one can obtain the derivative of hypergeometric functions in a parameter with multiple summation indices q λ n λ , where q λ ∈ N,
in the form
As an example, we calculate the derivative of the Horn function H 3 (a, b, c, x, y) (see Sec. A.4 for definitions) in its upper parameter a with summation indices 2m + n. This proceeds as
which can be written as a sum of three generalized Lauricella series: 
Lower parameter derivative
In complete analogy to Sec. 6.1 the derivative of a hypergeometric function in a lower parameter with multiple summation indices q λ n λ reads
From eqs. (56) and (59) one can then deduce that any derivative of a generalized Lauricella series in one of its parameters with summation indices of the type q λ n λ , q λ ∈ N are expressible in terms of function in the same class. In particular, we note that the derivative of a generalized Lauricella function in m variables can be expressed as a finite sum of generalized Lauricella functions in m + 1 variables.
7 Derivative in parameter with a negative summation index
Upper parameter derivative
If one of the parameters in a Pochhammer symbol is connected with multiple summation indices of which one is negative, such as in the case (a) n 1 −n 2 , the derivative with respect to this parameter requires additional care. In a first step, we can factorize
Here, the negative summation index (−n 2 ) appears and eq. (5) needs to be replaced by
Then, the derivative of a Pochhammer symbol can be written as
As an example, we consider the hypergeometric function with a summation index of type (a) m−n
and by using the splitting formula in eq. (60) together with eq. (61) for the differentiation of a Pochhammer symbol with a negative index and the interchange of the order of summations in eq. (3) we obtain
As another example for illustration we calculate the derivative of the Horn hypergeometric function in two variables H 1 (a, b, c, d, x, y) with respect to its upper parameter a with summation indices m − n:
which can be written as a sum of two generalized Lauricella series, 
Lower parameter derivative
Following the same procedure as above for the derivative acting on lower parameter of a hypergeometric function, we arrive at the explicit relation for the case with a summation index of type 1/(b) m−n ,
By using the same eq. (60) and the derivative of a Pochhammer symbol
and, after exchanging the order of summation, we obtain
8 Derivative in parameter with summation index qn, −q ∈ N
Upper parameter derivative
The final step for obtaining the full set of relations for the derivative of a hypergeometric series in one of its parameters with any set of summation indices consists of elaborating the case of negative summation indices qn, where −q ∈ N,
The derivative of the Pochhammer symbol in this case reads,
and we note that upper limit of the summation is indeed positive due to q < 0. Upon adapting the interchange of the order of summation in eq. (52) to the case of negative q, we obtain for the derivative of a function with summation indices of the type qn with integer q < 0,
For the same summation index appearing in a lower parameter, i.e., exchanging (a) qn → 1/(b) qn in eq. (70), one obtains for the derivative
9 Convergence of the series for derivatives of hypergeometric functions
In establishing the region of convergence of the series for the derivatives of hypergeometric functions we follow the same rule as in [16] (see, in particular, p.56 in [16] ), namely, we exclude any exceptional values of the parameters, i.e., those values, for which the series terminates, becomes meaningless or reduces to a finite sum of hypergeometric series of lower dimension. The region of convergence for the series which have been obtained for derivatives of hypergeometric functions we can utilize the parameter cancellation theorem (see [16] , chapter 4, p. 108). This states that the region of convergence for a hypergeometric series is independent of the parameters, provided exceptional values of parameter are being excluded. For example, the series
and
have the same region of convergence. By using this theorem we can exclude from the hypergeometric series all Pochhammer symbols with different parameters but with the same summation index.
As an example, we consider here explicitly the region of convergence for the derivatives in Sec. 5. The other cases can be dealt with in a the similar way. It is easy to see that the region of convergence for the series in eq. (53) after application of the convergence theorem is equivalent to the one of the series ∞ n,k=0
Then, applying the summation formula in eq. (52) one finds that the region of convergence of the series in eq. (76) is the same as the one of the expression
and due to convergence theorem the region of convergence of this last series coincides with the one of the original function before differentiation. In this way we prove the theorem that the equations for the derivatives of hypergeometric series have the same region of convergence as the initial hypergeometric functions.
The region of convergence for hypergeometric series in two, three and more variables can be found by using the Horn's theorem on convergence [16] (see, in particular, p.56 in [16] ). This theorem implies an absolute region of convergence of those hypergeometric series, so that the use of the summation formulae in eqs. (3), (46) and (52) in our calculations is mathematically rigorous.
Derivative in parameter for the general case of summation indices
The combination of eqs. (56) and (72) finally leads to an expression for the derivative of a hypergeometric function in one of its upper parameters related to a summation index with any integer coefficient. The relevant equation reads
A similar equation holds for the derivative in a lower parameter,
As an example we present here the derivative of the function G 3 (a, b, x, y) in its upper parameter a with summation indices 2n − m:
which can be written as a sum of three generalized Lauricella series, 
Conclusion

Derivative of Horn-type functions in a parameter
With the results of the present article the derivatives of the following Horn-type hypergeometric functions in multiple variables x n in one of their parameters a j or b i
can be expressed with the help of eqs. (79) and (81), or, alternatively, as finite sums of Horn-type hypergeometric functions, where the n-th derivative of a function in m variables is expressed as series with n + m variables. The region of convergence for those derivatives is the same as for initial function. Specifically, for the 34 distinct confluent and non-confluent Horn-type hypergeometric functions in two variables the n-th derivatives are expressed as Horn-type hypergeometric functions in n + 2 variables. Derivatives of the generalized Lauricella series, i.e., of Horn-type hypergeometric series with summation coefficients q k ∈ N, in one of their (upper or lower) parameters can be expressed as a finite sum of the generalized Lauricella series, as it was explained in Sec. 6. In particular, the derivatives of the generalized Lauricella series in one of their parameters with summation coefficient q k ∈ 0, 1 can be written as a finite sum of generalized Lauricella series with summation coefficient in the same alphabet q k ∈ 0, 1 as detailed in Sec. 3. Finally, all n-th derivatives of generalized Appell hypergeometric functions, generalized Kampé de Fériet functions, generalized hypergeometric functions in one variable are expressible at the terms of generalized Lauricella series with summation coefficients q k ∈ 0, 1.
Applications in high-energy physics
The main motivation of the present research are calculations in quantum field theory, i.e., of Feynman diagrams and the series expansions which stem from it. By applying the MellinBarnes method, Feynman diagrams can be written in the form of eq. (4) as Horn-type multi-variable hypergeometric functions (see e.g., [25] ). For example, particular types of one-loop diagrams are expressible in terms of generalized hypergeometric functions or Appell series [26] - [30] .
For the evaluation of the finite part of dimensionally regularized Feynman integrals in D = 4 − 2ε dimensional space-time one has to construct the expansion in ε. This has motivated us to seek a general method to obtain the all-order ε expansion of Horn-type hypergeometric function. There exist a lot of analytical and numerical methods based on different algorithms which are applicable for dealing with ε expansion of Feynman integrals [31] - [37] and are implemented in computer packages [21] , [38] - [43] .
Feynman integrals written in the form of Horn-type hypergeometric function as in eq. (4) depend on space-time parameter ε only through some parameter in the Pochhammer symbols, namely B a , D a , so that the construction of the ε expansion of a given Feynman integral is equivalent to taking the derivative of Horn-type hypergeometric functions in its parameters.
From Sec. 11.1 we can conclude that the ε expansion of Feynman integrals at any order are expressible in terms of Horn-type hypergeometric functions. In detail, the n-th term of the ε series can be expressed as Horn-type hypergeometric function in n + m variables, where m is the number of summations in Horn-type representation of the Feynman integral. The region of convergence of any of those parameter derivatives, i.e., the coefficient in the ε expansion, and the initial Feynman integral are the same. The explicit formula for n-th term of ε expansion can be obtained with the help of eqs. (79) and (81).
In the series of the papers [25] , [44] - [47] the method of differential reduction of hypergeometric function has been worked out. In particular, the so-called step-up and step-down differential operators have been introduced, which shift the parameters of hypergeometric functions by unity. By applying such differential operators to a hypergeometric function, the value of any parameter can be shifted by an arbitrary integer. The construction of differential operators allows to define a set of exceptional parameters for hypergeometric function and then find the condition of reducibility of the monodromy group of the corresponding hypergeometric functions.
By expressing the ε expansion of Feynman diagram in terms of Horn-type hypergeometric functions and applying the above mentioned method of differential reduction one can reduce the corresponding integrals to some subset of basic hypergeometric functions and express them as a series with the least number of infinite summations.
A.1 Appell hypergeometric functions of two variables
The Appell [22, 23] hypergeometric functions F 1 , F 2 , F 3 and F 4 are defined in an expansion around x = y = 0 as 
A.3 Generalized Lauricella series
Series of this type have been introduced in [24] . Special cases of these functions are reduced to the multi-variable extension of Kampé de Fériet series. The latter includes confluent and non-confluent Lauricella functions. 5) and all parameters θ
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A.4 Horn series in two variables
Here we recall the definitions for some Horn functions in two variables that have been used in the article: 
